JEE— Math

Numbers and Number Systems

Review Exercise Answers
Level-2

Single Choice Correct Only

S1. The correct option is (C). We have:

o 1 V243
142443 14422483

_ 1423 144243
(1+J§)2—3 22
_1+V2-3 V2244246
22 V2 4

1
S2.(A). Let a, =+n—1++/n+1 berational. Then — is also rational. We have:
a

n

1 1

a, n—1+n+1
_ 1 X\/ﬂ—\/m
(Jﬂﬂ/ﬁ) Jn—1-+n+1

n—-1-n-1
_An+l-+n-1
2
This implies that vn+1—+/n—1 is also rational. Thus, vn+1 and +/n—1 must both be rational

(why?). Hence, Jn+1 and Vn-1 are integers, and the terms under the square-root signs must
both be perfect squares. This is not possible as any two perfect squares differ by at least by 3.

Therefore, there is no positive integer n such that n—1++/n+1 is rational.

S3. (B). Let

x=32+34
= X :(Q/E+3%/Z)2
BERE)
+3(%/5)(3</Z)(%/§+3%/Z)
=2+108+93/8x

=110+18x
= x -18x-110=0
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S4. (B). Refer to the figure below to understand how each length can be
calculated using the Pythagoras theorem:

3 Y 4
R T S 0p=\F+3 =10
o OR =JOX* + XR*
v 0 p _ m _s
1. ] . 0S =JoY* +YS*
e 3P 6 =4 142 =32
or =Joz* + z1*
=& +6? =52

SN
N

T

We see that OQ, OS and OT are all irrational, while OR is rational.

S5. (A), (C) and (E). By rationalizing the denominator of y, we note the following:

= 1 xa—b\/z
a+bx/§ a—bx/z

:a—b\/E_ o

W —

It can now easily be deduced that the following terms will be rational: x+y, x> +y*, x’ +°

On the other hand, the following terms will be irrational, since they will contain factors of \/5 in
them: x—y, x*—)°

Verifying these facts is left to the student as an exercise.

S6. (D). We have:
1__ 1 _ AENEENS
X 3+48 3+48 3-8
3-8
=———=3-48
9-8 V8
Thus, we have:

x+l=3+\/§+3—\/§
X

= x+l=6
X

On squaring both sides, we get

(Hg _(6)

= x° +L2+2(x)(l)=36

X X
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Again squaring both sides, we get

(xz +i2j2 = (34’

X

= x4+L4+2=1156
X

= xtel o154
X

L1
X +7
( xj_1154_577

(2 1) 34 17
x+7
X

Verify that this lies between 30 and 40.

One or More than Once Choices Correct

S7. (D) is the only correct option. The number of people in the world is obviously finite, and today,
that number is less than 10 billion or 10,000,000,000. You might think that the number of sand

grains on a beach or the number of water molecules on Earth will be infinite. However, even these
numbers are finite. If you had enough patience, you could count the number of sand grains on the
beach one by one. You may not be able to count water molecules, but you can indirectly conclude
that the number of water molecules on Earth must be finite, even though that number will be
incredibly large, but it will be finite because the only other option is not possible. If the number of
water molecules on Earth was infinite, then the mass of all that water would have been infinite,
while we do know that this is not true, the Earth as a whole as finite (though very, very large) mass.
However, the number of points on a line segment, no matter how small, will always be infinite.
Can you visualize this fact? Take help of the Zooming Thought Experiment.

S8. (C) and (D). Explanations:

(A)False. The set of real numbers contains the set of irrational numbers, so once the Real set
is plotted on a line, we get a continuous number line with no holes.

(B) False. Between any two distinct rational numbers, no matter how close, there will be
infinitely many irrational numbers.

(C) True. Between any two distinct irrational numbers, no matter how close, there will be
infinitely many rational numbers.

(D) True. Every real number can be thought of as a point on the horizontal number line in a
two-dimensional plane, and hence is a complex number. Algebraically, any real number x
can be written in complex form as x=x+i0.

S9. (B). Explanations:

(A)False. Irrational numbers which can be expressed as roots of rational numbers are only a
particular class of irrational numbers. There are (infinitely many) irrational numbers which
cannot be expressed this way. 77 is one example.

(B) True. For example: (\/E) +(1—\/§) =1
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(C) False. The position of an irrational number on the number line has
nothing to do with its decimal representation. For example, the square-root of 2 (which is
an irrational number) can be exactly constructed on the number line.

(D)False. The decimal representation of an irrational number is non-terminating, but that of a
rational number could be terminating, or non-terminating but repeating.

(E) False. We have only been given the decimal representation to ten decimal digits. The
repetition of decimal digits could start after ten decimal digits, and thus the number could
be rational.

$10. (E) is the only correct option. Point-wise explanations:

(A) INCORRECT. The product of two rational numbers will always be rational. If the two numbers

r . pr L . .
are ¥ and —, then the product is £ , Which is obviously rational.

q S qs

(B) INCORRECT. It is not necessary for the sum of two irrational numbers to be irrational. A

simple example is: x/§+(—\/§) =0. Another example: we know that 7z is an irrational number,

whose decimal representation is 3.14159...(non-terminating, non-repeating). Now, if we write
7 as the sum of 3 and the fractional part, we see that the fractional part must be irrational:

7=3.14159...= 3 +0.14159...

Rational Irrational

If we represent the fractional part by f, and consider the irrational number x =—f, we see that
7 +x =23 which is a rational number.

(C) INCORRECT. Again, it is not necessary for the product of two irrational numbers to be
irrational. For example:

\/Ex\/gzlﬂxl:l
V4

(D) INCORRECT. This point is especially important to keep in mind. Using only the four basic
arithmetic operations, it is not possible to construct irrational numbers from rational numbers.
No matter what rational numbers you add, subtract, multiply or divide, you will always end up
with rational numbers. In mathematical terminology, we say that the set of Rational Numbers is
closed with respect to these four operations. This means that performing these operations in the
Rational set will give you values within the Rational set only, and not outside it.

(E) CORRECT. We have already seen in the explanations of the first two options that it is
possible to construct rational numbers from irrational numbers using the four basic arithmetic
operations. Therefore, the set of Irrational Numbers is not closed with respect to these four
operations.

S11. (D) and (E). No position of Theta can be represented using a rational number, because every
position of Theta will numerically be equal to 7 divided by some power of 2, and so it will be
irrational. Also, the sequence of steps in Theta's journey is infinitely long, since no matter how
close he reaches to his final position, there are still infinitely many steps remaining, so
mathematically speaking, Theta will never reach his final destination. This also means that option
(D) is true, since the last 0.0000000001% of his journey will have infinitely many steps remaining,
while the first 99.9999999999% will have finitely many steps.
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$12. (A), (B) and (C). We have:
a+bifp+eip” =0 ()

Multiplying both sides by %/; , we get

ailp +bifp* +cp=0 ...(ii)
Now, multiplying equation (i) by b and equation (ii) by ¢, we get
ab+b*Yp +bei/p* =0 ...(iif)
acip+bci/p* +c*p=0 .(1V)
Subtracting equation (iv) from equation (iii), we get:
(b2 —ac)i/;Jrab—czp =0 ..(v)
Since 3/p isirrational, we must have b* —ac=0and ab—c’p =0:
ab—c*p=0
= c’p=ab
= c'p’=a’h’=ad’c
= c(c3p2 —a3)=0
3
If c#0, then we get p’ :a—3 which is not true as 3/p is irrational. Therefore, ¢ =0 which in
e

turn implies that a =0 and b =0. Hence, (A), (B) and (C) are the correct options.
$13. (D) is the only correct option. Point-wise explanations:

(A) False. Here’s a counter-example:
(2)+(2)
but (42)(-42) =2
(B) False. The set of Irrational Numbers is infinitely larger than the set of Rational Numbers.

(C) False. For 2 15 be arational number, p and g must be integers, and g must be non-zero.

q
(D) True. We can find an irrational x just to the right of 0, and an irrational y just to the left of O,
such that x—y is as small as we want it to be.

$14. (A) and (C). Point-wise explanations:

(A) CORRECT. va+b might be rational. For example, consider J2 and \/7 Both of them are
irrational. However, \/2+7:\/§:3 is rational. On the other hand, both \/5 and \/E are
irrational, and v2+5 = \/7 is also irrational.

(B) INCORRECT. va—b might be rational. For example, \/ﬁ and \/5 are both irrational, but

V11-2 = \/5 =3 is rational.
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(C) CORRECT. Consider \/5 and +/4. Both are irrational but

m:\/£=5 is rational. On the other hand, think of \/5 and \/5 Both of them are
irrational, and so is /27 +3% =+/13.

(D) INCORRECT. (\/;+\/5)2 might not always be rational. If you expand the square expression,

you have
(Va++b) =(Va) +(vb) +2(Va)(vb)
—a+b+2Jab
If \/E is irrational, then so is (\/;+\/Z)2. For example,
(V2+v3) =243+2J6=5+2J6  (irrational)

On the other hand,

(\/§+\/§)2 —2+8+216 =18 (rational)

$15. (A), (B), (C) and (D). We know that V2 and \/g are irrational numbers and so is \/§+\/§
(showing this is left to you as an exercise). Now, we have:

(V5] (4] (5] +2(2))
=2+5+2410
=7+2410

= (\/5+\/§)4 =(7+2\/E)2

=49+ 40+ 2810
=89+2810

Itis easy to see that if we keep on squaring this, we will always be left with an irrational term in
the resulting expression, which means that the expressions in (B), (C) and (D) are all irrational.

2 3
$16. (A) and (B). These are irrational because if these were rational, then (\/;) and (i/;) , that

is, x, would have been rational, which is not the case.

Option (C).If we take x = J2 then x* =2 which is rational. Hence, x> may be rational or

irrational.
1

Option (D). If we take x =27 then x” =2, which is rational. Hence, x* may be rational or
irrational.

i i
Option (E). If we take x = 57 then x¥? =5 , Which is rational. Hence, x[ﬁ] may be rational or
irrational.
We see that (A) and (B) are the only correct options.

$17.(B) and (C). Self-exercise. (A) and (D) will always be irrational. For (B) and (C), try to construct
examples to show that these can be rational.
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$18. (A) and (B). We have:

4 _L_[”\BI_[ﬂJ"—
"S5 2 2

Putting n =0, we get
"~ . 0
1+45) (1-+5
2 2

[1-1] [x°=1V x]

Puttingn=1, we
1

- l““ )

=7
L{ 1++/5 - 1+\/_}
J5
H )
J5
Putting n = 2, we get

1 1+\/_

“ \E

1 {1+5+2\/_ = 5+2\/_}

4

b= 5

NI
50 4
Putting n = 3, we get

1 (14 B
)
(1) +(+5) +35+3(+5)
L_(1)3+(\/§)3+3(\/§)_3(5)2
Vsl 8
2(J§)3+6J§]

1
- .
1 [10\B+6\E}

8

@}2

Clearly, options (A) and (B) are the correct options.
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Integer Answers

$19. By rationalizing the denominator of the second term, we note the following:
L1 21 Gt
V241 V241 21

Now, we square the two terms:

(V2+1) =2+1+22=3+242
(V2-1) =2+1-2v2=3-2V2

And then we square them again:
(\/§+1)4 =(3+2\/§)2

—948+1242=17+1242

And:
(V2-1) =(3-2v2)

=9+8-1242=17-1242
Finally, adding the two, we see that the required value is

(17+1242)+(17-1242) = 34

S$20. We rationalize the denominator in the second term:
.y -
B3+l Al B 4 D

Now, we evaluate the two terms separately:

2(\/§+1)2 =2(3+1+243)
=2(4+243)=8+43

(\/§1+1)4 :[ﬁ;T

H%H =(2-+3)" (how?)
=7-43

Finally, adding the two results, we see that the required value is 15.

And:
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S21. To rationalize the denominator of the given expression, we proceed
as follows:

1 X\/§+\/§+\/§
V5443 -8 \5+43+4/8

V5+43+48
(V53] (&)
CV5+43+48
- 8+24/15-8
V543 +4/8
215

Now, we do a second rationalization step:

V5+3+48 is
PNIERENT

V75 +/45 +4/120

30
5343542430
30

1 1 1
=—3+—+5+—+30
6f IOI 15\/_

Comparing with the expression given in the question, we have:

1
b=—, c=

1
6 10 15

= 12(a+b+c) :12(l+i+ij

a=

S22. We have:
7
V243 -42-3

~ J2 X\/2+\/§+\/2—\/§

243 -2-3 24325

_\E(\/2+\/§+\/z—\/§)

(V2B ) (V2B
\E(\/2+x/§+x/2—x/§)

B 23
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Now, we will calculate the square root of 2+ \/5 . Let

V243 =a+b
= (V2B =(a+ 5]

= 2+\/§:a+b+2\/ﬁ

= a+b=2, 2Jab =3

= cH—b=2,ab=E
4

= a:l,b:i
2 2

1 [3 1+3

243 ==+, =
2 N2 2
Similarly,

/2_\/—:—1+\/§
J2

Thus, we have:

\/E(x/2+x/§+\/2—«/§)
243
\/5(1+\/§+—1+\/§J

H
23

1

N
-3

= 2 =
V244323

1

S23. The correct answer is 3. We have:

47
V16+637 —16- 647
_ W1
164647 -16-647

(\/16+6\/7+\/16—6\/7)
(\/l6+6\/7+\/16—6\/7)

_4\/7(\/16+6x/7—\/16—6\/7)

(\/l6+6\/7)2 —(\/16—6ﬁ)2

4\/7(\/16+6\/7—\/16—6\ﬁ)
T 16+647 164637

X




JEE— Math

4\/7(\/16+6\/7—\/16—6\/7)
- 1247
164647 +416-6v7

3
Now, we will calculate the square root of 16+ 6\/7. Let

16+697 =a+b
N (x/16+6\/7)2=(\/5+\/3)2

16+ 67 =a+b+2Jab
a+b=16,Jab =37

a+b=16,ab =063
a=9,b=7

o N16+637 =3+4/7

Similarly, \/16—6\/7 =3—\/7.Thus, we have:
V164637 ++/16-6+7

3
B 34474347 =
3
S24. First, we will simplify each term one by one. We have:

U4 4y

3

R SR
V241 V241 V2-1
V21
w
.
B2 B2 B2
= = e
L1 a2
Va3 a3 Va3
Ja-\3
i 4_3...:\/2_\/5
. . o
Vo+v8 o+ Vo8
B 5

9-8
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Thus, the required sum is equal to

(\/5—1)+(\/§—\/5)
HNE-3) .t (45 - 8)
=—1+:/9

=-1+43
=2

$25. First, we will simplify each term one by one. We have:

206 26(v2-+3)

V2443 (V2+43)(v2-453)
~2V6(V2-+3)

2-3
=6\2-4/3
62 6v2(V6 -3

NESER Ny NS
6v2(V6-+3)

63
=43-2/6
83 83 (6 -+2)

Js+2 (s d2) (s —2)
83(+6-+2)

)
=6v2 46

Thus, the given expression is equivalent to:
62 - 43 +43-26 - 62 + 46

=26 ~4.90
The greatest integer less than this value is 4.

$26. If we denote the value of this expression by x, we have
xX=~+6+x (how?)

By observation, we can say that x =3 satisfies this relation, which means that the value of the
given expression is 3.

S27. We have

10++/24 ++/60 ++/40

(W]
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Squaring the second expression and comparing both sides, we have (note
this carefully):

x+y+z=10 ..Q0)

2y =24 (2

2z =60 ..(3)
2Jxz =40 ..(4)

Multiplying the last three expressions, we have

8xyz :\/ﬁx@xm

=26 %2415 x24/10
= 8/900
=8x30

= xyz=30

= Joz =30 .05

Dividing (5) by (3), we have

Vx 1
2 2
= x=2

Similarly, y and z can be found out as 3 and 5. Thus, y+z—-x=6.

S$28. We note that

V63 =4/0x7 =347
V56 =87 =2(+2)(+7)
Now, we have
W63 457 = 3T +2(V2) (V7
= V7 (3+242)
= {13422

You can easily show that the square root of 3+2\/§ is /2 + 1, and thus,

e +457 =47 (42 +1)

= a=7,b=2,c=1
= a+2(b+c)=13
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$29. We will simplify each term one by one. We have:

W5 TWB(V10-43)
V1043 (V10+43)(v10-+3)

73(V10-+3)
R TR

25 25(Ve-5)
Vo35 (Vo ++5)(v6-+5)

:2\/5(\/3—\/5):2\/3_0_10
6-5

Wz W2(Vi5-32)
VIs+3V2 - (VI5+32)(V15-342)

V(45 343)

Thus, the required sum is equal to

(55-3)-(2455-10)- (554
=2430-9-2430+10

=1
Miscellaneous

$30. Take a prime number £, and suppose that its square-root can be expressed as a rational number:

Je=2. we suppose that there is no common factor between p and g. Now, we will arrive at a

contradiction, as we did in the case of the square-roots of +/2 and~/3 :
2
k=2

= = pZ — qu
The right side is a multiple of k, which means that the square of p, and hence p itself, must be a
multiple of k. Thus,
p=mk= (mk)2 =kq’

=g’ =km’
The right side is a multiple of k again, which means that the square of ¢, and hence ¢ itself, must
be a multiple of k. Thus, we have shown that both p and ¢ are multiples of k, which is a
contradiction (we assumed no common factors between them). This means that the square-root of
k cannot be written as a rational number.

As an exercise, show why we cannot apply the same approach to non-prime natural numbers (that
is, the square-root of every non-prime natural number will not necessarily be irrational).

S$31. We will construct particular examples to demonstrate this fact. If x is irrational, then
y= X
2

is also an irrational number such that 0 < y < x. If x is rational, then

-
NG
is an irrational number such that
O<y<ux as V251
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p+r
g+s
positive integer (that is, it cannot be zero). We have:

r_r
q S

= ps<gqr ..(1)

S32. Clearly,

Now,
P _p+r
q q+S
= p(q+s)<q(p+r)
= pq+pS<pq+q7"
= ps<gqr

which is true because of (1). Also,
p+7‘ r

qg+s s
= (p+r)s<(q+s)r
= ps+rs<qr+sr
= ps<gqr
which is true because of (1). Thus,

p_p+r_r

qg q+s s
S33. Self-exercise.
S34. xis irrational. Self-exercise.

S$35. We have:

\/2+\/§_\/2+\/§ 218
2-3

X
2—\/5 2+\/§

~2+4+1.732=3.732

S$36. We have:
1 2+3
X=——=xX—+
2—\/5 2+\/§
2+\/§

ey -(5)
_ 2+\/§ :2+\/§

C4-3

will be a well-defined rational number as g+s is a
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Now,
x’ =(2+\/§)2
~(2) +(\/§)2 +2(2)\3
=5+43
X =(2+\/§)3
~(2) +(J§)3 +3(2) (\/§)+3(2)(\/§)2
=8+3/3+124/3+18

=26+15\3
Thus, we have:
X =2x*—=7x+5

:(26+15\B)—z(5+4\6)—7(2+\@)+5
=26+15/3-10-8+/3-14-7/3+5
—7

S37. We have:

NN

V5443
(5854
(V5 +33)x(v5-+3)

(\/g—\/g)2 _5+3-2415
ORI

_ 8—22\/E _ 4 5
Thus,
x—4==15

= (x-4)' =(-15)
= x*-8x+16=15
= x*—8x+16-15=0

= x*—8x+1=0
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$38. First, we will simplify each term one by one. We have:

L1 3+
3-8 3-8 3448
3+\/§
= =3+/8
9-8
1 1 J§+J7

BT BT BT
NNy
L1 N1+4e
76 16 \7+6
SRS B
L1 Ae+ys
J6—5 Vo5 o+s

:*/535:%+J§

6
L1 5+2
V52 5-2 542
:\/§+2:\/§+2

5-4

Thus, the given expression is equivalent to:

()4 +7)- (745
(5B}

348 —\B T 447
+3/6 =6 =[5 ++/5+2

=3+2=5
S$39. We have:

I > (1Y
IR EIE
1
9+44/5

9-445 L
(9) (45
9—4J§_2
81-80
=9+4/5+9-4/5-2=16
= x—L=4

Jx

:x+l—2:9+4\/§+
X

=9+45+

=9+4/5+
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S$40. We have:
L] Xz—ﬁ: 2-3
2443 2=43 (27 -(\3)
2-3
=2 N2 2 /3
4-3 V3
Now,

X =(2—\/§)2 =(2)2+(\/§)2 —2(2)(\/5)
=7-43

= (2) ~(\3) -3(2)’(\3)+3(2)(3)
=8-3/3-124/3+18
=26-15V3

Thus, we have:
2x° =T7x* =2x+1

=2(26-153)-7(7-4V3)-2(2-3) +1

—50-30+/3-49+283 —4+23 +1
-0

S41. We have:
4 3

3W3-242 3B+22
) 4(3J§+2J§)+3(3J§—2J§)

(3v3-2v2)(3v3+242)

_12V3+8V2+9V3-6v2
() ()
_213+242

27 -8
Now, we approximate the value of this expression:
213 +242
19
B 21(1.732)+2(1.414)
- 19
_36.372+2.828
- 19

=39—'2z2.06

19
The least integer greater than this value is 3.
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S42. We have:

1 | 33-426

x 3B+26 33-26
_ 33-26

() (5]
=33-26

Therefore:

x+%=3\/§+\/%+3\/§—\/2>6
- %@%):%(6\5):3\5




